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Abstract 

In this paper we show that Atkin and Swinnerton-Dyer type of congru- 
ences hold for weakly modular forms (modular forms that are permitted to 
have poles at cusps). Unlike the case of original congruences for cusp forms, 
these congruences are nontrivial even for congruence subgroups. As an ex- 
ample, we consider the space of cusp forms of weight 3 on a certain genus 
zero quotient of Fermat curve X N + Y N = Z N . We show that the Galois 
representation associated to this space is Grossencharacter of a cyclotomic 
field Q(Cat)- Moreover, for N = 5 the space does not admit a "p-adic Hecke 
eigenbasis" for (non-ordinary) primes p = 2,3 (mod 5), which provides a 
counterexample for original Atkin and Swinnerton-Dyer speculaction (see 

1 Introduction 

In [2], Atkin and Swinnerton-Dyer described a remarkable family of con- 
gruences they had discovered, involving the Fourier coefficients of modular 
forms on noncongruence subgroups. Their data suggested (see [8] for a pre- 
cise conjecture) that the spaces of cusp forms of weight k for noncongurence 
subgroup, for all but finitely many primes p, should posses a p-adic Hecke 
eigenbasis in the sense that Fourier coefficients a(n) of each basis element 
satisfy 

a(pn) - A p a(n) + X (p)p k ^ a{n / 'p) = (mod p (*- 1 )( 1 +«d 1 ,(«))) j 

where A p is an algebraic integer and x is a Dirichlet character (they depend 
on basis element, but not on n). This congruence relation is reminiscent of 
the relation between Fourier coefficients of Hecke eigenforms for congruence 
subgroups (which is surprising since there is no usefull Hecke theory for 
modular forms on noncongruence subgroups). 

Following work by Cartier [3| , Ditters [5] and Katz (]] , the second author 
proved a substantial part of these congruences in [10] . There remain various 
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questions concerning the optimal shape of these congruences in the case 
when the dimension of the space of cusp forms is greater than one, see 

In this paper we show that similar congruences (also initially discov- 
ered experimentally) hold for weakly modular forms (that is, modular forms 
which are permitted to have poles at cusps). Unlike the case of Atkim- 
Swinnerton-Dyer's original congruences for cusp forms, these congruences 
are nontrivial even for congruence subgroups (because the Hecke theory of 
weakly modular forms is not so good). The simplest case is the weakly 
modular form of level 1 and weight 12 

oo 

E 4 (zf/A{z) - U64E 4 (zf = q' 1 + ^a(n)^ n 

71=1 

= q' 1 - 142236g + 51123200g 2 + 39826861650<? 3 + • • • 

For every prime p > 11 and integer n with p s \n, its coefficients satisfy the 
congruence 

a(np) — r(p)a(n) + p u a(n/p) = (mod p lls ). 

where r(n) is Ramanujan's function. (Note that the coefficients a(n) grow 
too rapidly to satisfy any multiplicative identities.) 
More examples may be found in ^3] below. 

As a further example, for odd integer N, we consider the space of weight 3 
cuspforms on a certain genus zero quotient of Fermat curves X N +Y N = Z N . 
These cusp forms are "CM" forms in the sense that the Galois representation 
associated to them is a Grossencharacter of a cyclotomic field Q(Ctv)- We 
show that for N = 5 the space of weight 3 cuspforms does not admit a p- 
adic Hecke eigenbasis for (non-ordinary) primes p = 2, 3 (mod 5). Moreover, 
for the better understanding of the congruences arising from the action of 
Frobenius endomorphism in this situation, we define certain weakly modular 
forms, and prove some congruences for them. For more details see §111 

In [10] the congruences were obtained by embedding the module of cusp 
forms of weight k (on a fixed subgroup T) into a de Rham cohomology 
group DR(X,k), where X is the modular curve associated to T. This co- 
homology group is the de Rham realisation of the motive |llj associated to 
the relevant space of modular forms. At a good prime p, crystalline theory 
endows DR(X, k) <g> 7L V with a Frobenius endomorphism, whose action on 
(/-expansions can be explicitly computed, and this gives rise to the Atkin- 
Swinnerton-Dyer congruences. (See the introduction of |10] for more expla- 
nation.) Here we observe that there is an simple description of DR(X, k) in 
terms of "forms of the second kind" . Curiously, such a description does not 
appear to be explicitly given anywhere in the literature (although it is im- 
plicit in Coleman's work on p-adic modular forms). The period isomorphism 
is particularly transparent in this interpretation. 
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2 Summary of results 



Let T C SL2CI') be a subgroup of finite index. We choose a number field 
K = Kr C C and a model Xk over K for the compactified modular curve 
such that: 

• the j'-function defines a morphism ttk '■ Xk — > ^k'-> an< ^ 

• the cusp 00 € T\Sj* is a rational point of Xk- 

Let m be the width of the cusp 00. Then the completed local ring Ox, 00 
equals K[[t]] for some t with 8t m = q, with 5 £ -ftT*. 

Let X£- C X^ be the complement of the points where the covering 
fj Xfc;(C) is ramified. On Xg we have the standard line bundle uj c , 
such that modular forms of weight k are sections of u^ k , and the canonical 
isomorphism ipc '■ 2 0°S CUS P S ) > identifying forms of weight 2 

with holomorphic 1-forms on X> The fibre at infinity has a canonical 
generator ec £ ^c(°°)- If — 1 ^ T we also assume that this structure comes 
from a triple (u^k^k^k £ Wjf(oo)) on X£-. 

We choose a finite set 5 of primes of K, and write R = Ok,s, satisfying: 

• 6m and 5 are in R*; 

• there exists a smooth projective curve X/i? with Xk = X K, and 
7Tft: extends to a finite morphism 7r : X — > P|j which is etale away from 
j G {oo,0,1728}; 

• if — 1 ^ r, (u k ,iPk,£k) extends to a triple (u>, ?/>, e) on X°, with 
oj(oo) = i?e. 

Any modular or weakly modular form on T has a Fourier expansion at 
00 which lies in C(((/ 1//m )) = C((t)). For any subring i?' of C containing 
R, and any k > 2, let S k (T,R'), M k (F,R') be the i?'-modules of cusp 
(resp. modular) forms on V of weight A; whose Fourier expansions at 00 
lie in -R' [[£]]. Standard theory shows that S^T, R), M k (T, R) are locally free 
R- modules and that, for any R', 

S k (T, R') = S k (T, R) ® R R', M fc (r, R') = M k (F, R) ® R R' 

For any integer s, denote by MJ k (T,R') the i?'-module of weakly modular 
forms (meromorphic at all cusps) of weight s whose Fourier expansions at 
00 lie in R'((t)), and let SJ k (T,R r ) be the submodule consisting of those 
/ G MJ k (T, R') whose constant term at each cusp vanishes. 
It is well known that if k > 2 there is a linear map 

s*- 1 : A45? fc (r,c)-^s^ k (r,c) 

which on Fourier expansions (at any cusp) is given by (q d / dq) k ^ 1 . Conse- 
quently d k ~ l maps M^ k (F,R') into S^ k (T,R'). 
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Definition. Suppose K C K' C C. Define for k > 2 



DR(T,K',k) 



and 

DR*{T,K',k) 



d k -HM^ k (T,K')) 

It is clear that for every K' , DR(T, K', k) = DR(T, K, k) ® K K', and 
similarly for DR* . 

If R C R' C C and / G M^ k (r, i?'), the conditions on S 1 imply that the 
Fourier coefficients of / at any cusp are integral over R'. Write the Fourier 
expansion of / at a cusp z of width m as 

f z = ^2a n (f,z)q n/m - 

Definition. Let / € M^ k (T, R'). We say that / is weakly exact if, at 
each cusp z of T, and for each n < 0, n~ 1 a n (/, z) is integral over R' . We 
write M^ k ~ cx (r, R') for the -R'-module of weakly exact modular forms and 
S™ k - ex (T,R') for the submodule of weakly exact cusp forms. 

It is clear that d k - l {M™ k k (T,R') C S^ k ~ cx (T, R'). 

Definition. Define for k > 2 

DR(T, R', k) — bk [L,K) 



d k-i iM ^ k (T,R')) 
and 

M-(r,*,*)- ^°"( r ^') 



If i?' D Q this obviously agrees with our earlier definition. 
In £JU £j5j and $6] we will prove that these groups enjoy the following 
properties. 

• The i?-modules DR(T, R, k) and DR*(T, R, k) are locally free, and for 
every R' D R we have 

DR(T, R', k) = DR(T, R, k)® R R', DR*(T, R' , k) = DR*(T, R, k)® R R' 

• There exists for each k > 2 a commutative diagram with exact rows 
► S k (T,R) ► DR(F, R, k) > S k (r,R) v > 

u u 

> M k (T,R) ► DR*(T, R, k) > S h (T,R)V > 

in which all the monomorphisms are the natural ones. 
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• Suppose that p is prime, and that for some embedding Z p c — >C, we 
have R C Z p . Then there are canonical compatible endomorphisms 4> p 
of DR(F,Z p ,k), DR*(T,Z p ,k). The characteristic polynomial H P {T) 
of </> p on DR(T,Z p ,k) has rational integer coefficients, and its roots 
are p fc_1 -Weil numbers. Moreover 

flp(T) = (constant)T Mfc i7 p (l/p fc - 1 r) 

where (4 = dimSfc(r). 

The characteristic polynomial of 4> p on DR*(T,Z P , k)/DR(T, Z p , fc) has 
integer coefficients and its roots are of the form p k ^ 1 x (root of unity). 

• Still assume that R C Z p . There is a unique 7 P G 1 + pZ p such that 
7™ = (5 P_1 . Let be the endomorphism of Z p ((i)) given by 

Then the diagram 

DR*(T,Z p ,k) ► 



(Zp((t))) 



z^(r,z p ,,) — ♦ ^ML_ 

commutes. 

Write (jfe - 1) = inf{ordp(^/j!) | j > fe - 1}, and let 

DR*(r,z p ,k)( p) = M fc (r,Zp) +p {k ~ 1) DR*(r,z p ,k) 

M™ k - cx (r,R') 

Then p preserves DR*(F,Z p ,k)^ and the diagram 



£>/2*(r,z p ,A;)(p) 



Zp((t)) 



p (k-i)dk-i (Zp((*))) 



commutes. 
Congruences 
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We continue to assume that R C Z p . Let o = Of for a finite extension 
F/Qp. Extend 4> p to a o-linear endomorphism of DR*(T,o,k). Let / £ 
M^ k_ex (r, o), with Fourier expansion at infinity 

f = J2 a(n)q n / m = £ 6(n)t n , 6(n) € 0. 

Let = T, r j=o A j Tj S o[T] such that the image of / in DR*(T,o,k) is 
annihilated by H(<p p ). 

Theorem 2.1. (i) The coefficients a{n) satisfy the congruences: if n £ Z 
and p s |n i/ien 

r 

^y^'A^n/p*) = (mod p (fe " 1)s ). 
i=o 

fiij If moreover f £ Mfc(r, o) then these congruences hold mod p^ k ~ l ^ s+ ^ k ^ . 
Here the left hand side is interpreted as 

r 

§-n/mJ2p( k - 1 )iA j ^~ iy{P ~ 1) b( n /P i ) G <5~ n/m 
j=0 

which is the product of a unit an an element of o, and we adopt the usual 
convention that a(n) = b(n) = is n £ Z (cf. |10t Thm. 5.4]). 

Proof. The properties above show that 

Y,Cnt n :=Hmf)ed k - l {o{{t))) 

or equivalently that for every n E Z, c n € n fc_1 o. Applying -fT(0) to / term- 
by-term, one obtains the congruences (i). If / G Affc(r,o) then H((j))(f) G 
pi k ~ l ) lm(d k ~ 1 ), giving the stronger congruences (ii). □ 

3 Examples 

Under the hypotheses of Theorem 16.41 suppose that dim Sk (X ® Q) = 1 
and that / € S^ k ~ cx (X). Then the characteristic polynomial of 4> p on 
DR(X ® Z p , k) is of the form 

H P (T) =T 2 — A p T + p k -\ A P £Z 

The congruences (|6.3p then take the form 

a{np) = A p a(n) - p k ~ x a(n / 'p) mod p^ k ~^ s if p s \n (3.1) 
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Consider the weak cusp form of level one and weight 12 

/ = E A (zf/A(z) - U64E 4 (zf. 

We cannot directly apply the theorem to /, since the modular curve of 
level 1 does belong to the class of X considered in £JH We can get round 
this in the usual way (cf. part (b) proof of (THl 5.2]): take X = X' = 
X(3) for some auxiliary integer N > 3, and define DR(X(1) ® Z[l/6], k) = 
DR(X(3),k) GL( - 2 ' Z / 3Z \ which is then a free Z[l/6]-module of rank 2. For 
each p > 3, DR(X(1) ® Z p , 12) is annihilated by H p (<f>) = 4> 2 - r(p)0 + p n , 
and one recovers, for p > 11, the congruences of the introduction. (With 
more care we could get congruences for small primes as wll.) 

As a further example, consider the following (weakly) modular forms of 
weight 3 for noncongurence subgroup $0(3) (see iJTJfor definition and basic 
properties). 

/ 1 (r)=7 ? (r/2)!r / (r)- 2 r ? (2r)f 

E, , » i 4 2 83 176 4 
ci(n)qa = - ~q* + -qi - —q2 + ... G S 3 ($ (3)), 



/ 2 (r)=, ? (r/2)fr / (r)- 10 r ? (2r)f 

/ x ' l 1 20 ^ 200 3 4720 4 . /oNN 

= ^c 2 (n)g2 = q2 - — q -2 + -_g2 - —- q 2 + ... G S**($ (3)). 



From Corollary 111.31 it follows that for a prime p = 2 mod 3, there exist 
a p , /3 p £ Z p such that if p s |n then 



ci(pn) = a p C2{n) modp 2 ( s+1 \ 

C2{pn) = P p ci(n) mod p 2 ^ s+1 \ 

Moreover a p /3 p = p 2 , and ord p (a p ) = 2. 

If p = 1 mod 3, then for some a p € Z p (ord p (a p ) = 2), then 

ci(pn) = — ci(n) modp 2 ( s+1 \ 
c 2 (pn) = a p C2(n) modp 2 ^ s+1 \ 



For any p > 3 we have 

c 2 (pn) - A p C2{n) + Xz{p)p 2 C2{n / p) = mod p 2s if p s [n, 

where A p is p-th Fourier coefficients of the CM newform on Sz(T\{\2)) } and 
X3 is Dirichlet character of conductor 3 (also H p (T) = T 2 — A p T + X3,{jp)p 2 ) ■ 
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4 Review of [10 



Let R be a field or Dedekind domain of characteristic zero. In this section 
we will work with modular curves over R. Let X be a smooth projective 
curve over R, whose fibres need not be geometrically connected, equipped 
with a finite morphism g: X — > X', whose target X' is a modular curve for 
a representatable moduli problem. In practice we have in mind for X' the 
basechange from Z[l/iV] to R of one of the following curves: 

(i) Xi(N) (for some N > 5), the modular curve over Z[l/iV] parameter- 
ising (generalised) elliptic curves with a section of order N; 

(ii) X(N) (for some N > 3), parameterising elliptic curves with a full level 
N structure a: (Z/N) 2 -> E, 

(iii) X(N) a,rit]l (for some N > 3), parameterising elliptic curves with "arith- 
metic level N structure of determinant one" a: X/N x fi N — > E 

and we will limit ourselves to these cases, although most things should work 
if X' is replaced by some other modular curve (perhaps for an "exotic" 
moduli problem). 

We let Y' C X' be the open subset parameterising true elliptic curves, 
and Z' C X' the complementary reduced closed subscheme (the cuspidal 
subscheme). We make the following hypotheses on the morphism g: 

(A) g : X -»• X' is etale over Y' 

(B) T(X,O x ) = K is a field. 

We write Y, Z for the (reduced) inverse images of Y', Z' in X, and j : Y c — > X 
for the inclusion. 

A cusp is a connected component z C Z. The hypotheses imply (by 
Abhyankar's lemma) that z = Specif, where R z /R is finite and etale. One 
knows that a formal uniformising parameter along a cusp of X' may be 
taken to be q l / m for some m\N, and we may choose therefore a parameter 
t z £ Ox,z such that 5 2 ^ z = Q for some m z > 1, 5 Z E R*. Moreover m z (the 
width of the cusp z) is invertible in R. 

Because Y' represents a moduli problem, there is a universal elliptic 
curve 7r: E' Y', which in each of the cases (i— iii) extends to a stable 
curve of genus one 7f: E' —> X', with a section e: X' ^ E' extending the 
zero section of E' . We let u x , = e*0^, , x , be the cotangent bundle along e, 
and u_ x its pullback to X. 

If £7 is any i?-scheme we shall simply write Q\j for the module of relative 
differentials ft\j/ R - 

The module of (i?-valued) modular forms of weight k > on X is by 
definition 

M k (X)=H°(X,uf). 
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There is a well-known canonical "Kodaira-Spencer" isomorphism 

KS(X') : uf, ^ n^OogZ 7 ). 

Hypothesis (A) implies that g*£l l x ,{\og Z') = O, x (log Y), and therefore KS(X') 
pulls back to give an isomorphism 

KS(X):uf^n 1 x (logZ). 

One therefore has 

M k (X) = H°(X,uf~ 2 ® ^(logZ)) 
and the submodule of cusp forms is 

s k (x) = H°(x,u L f- 2 ®n 1 x ). 

Serre duality then gives a canonical isomorphism of free i?-modules 

5,(1)^^(1,4"). 

The relative de Rham cohomology of the family E' — > Y' is a rank 2 locally 
free sheaf £y> = R 1 ~k*Q* e , j Y i , which carries an integrable connection V. 
Denote by u Y , By the pullbacks of Wy/, By to Y. 

There is a canonical extension (in the sense of [1]) of (By , V) to a locally 
free sheaf Bx 1 with logarithmic connection 

V: B x > -> £x> <S)tt x ,(logZ') 

whose residue map Resy — defined by the commutativity of the square 

£x> — £x> ® , ( lo S Z ') 



(-)®i 



ic((g)Res 



z' 



- is nilpotent. The canonical extension may be described explicitly us- 
ing the Tate curve: in the cases (i— iii) , each cusp z C Z 1 is the spectrum 
of a cyclotomic extension R' = R[Cm] (for some M\N depending on z). 
The basechange of E' to R'dq 1 /™)) via the g-expansion map is canonically 
isomorphic to the pullback of the Tate curve 

Tate(^)/Z[l/iV]((g 1 /™)) ) an d 

there is a canonical basis 

^ R (Tate(g)/Z[l/Ar](( g V- ))) =z[l/N]((q 1/m )) •^^[l/JVKtf/" 1 )).^ 
V(o; can ) = £ can g) dg/g, V(£ can ) = 

for the de Rham cohomology of the Tate curve. The canonical extension of 
Ey i to X' is then the unique extension for which, at each cusp z as above, 
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£ X ',x is generated by cj can and £ can . In particular, in the basis (w C an,£can) 
the residue map at a cusp z of width m has matrix 

Res v , z = ( ° n J . 

\m 1 

We write u x . £ x for the pullbacks of o^-/, fx' to X. Since the residues are 
nilpotent, Ex is equal to the canonical extension of Ey . 

The Hodge filtration of Ey extends to give a short exact sequence 

► F l E x = gr\E x = u ► F° = £ x > ^ ► 

and the Kodaira-Spencer map is obtained (by tensoring with cj) from the 
composite 

u x ^£ x ^+£x® ^x(log Z) -»■ u>^ ® ^x(l«g ^) 

In [10] , some de Rham cohomology groups associated to modular forms were 
defined. Define, for an integer k > 2, 

O (4 fc - 2) )=4 fc ' 2) : =Sym fe - 2 f x , 
^(4 fc - 2 )) : = V(4 fc " 2) ) + 4~ 2) ®Q X C £ ( t 2) ® ^x(log Z) 

and let 

v( fc - 2 ) : ^ o (4" 2) )^o i (4- 2) ) 

be the (/c—2)-th symmetric power of the connection V. This makes 2 ^) 
into a complex of locally free 0x- m odules with /2-linear maps. Define 

DR(Y,k):=H 1 (X,£ ( x ~ 2) ®n* x (log Z)), 
DR(X,k):=H 1 {X,n , {£ ( x ~ 2) )) (4.1) 

In the notation of §2 of [10J, DR(X,k) = L k _ 2 (X,R) and DR(Y, k) = 
Tk-%(X, R). 

The Hodge filtration on £ x 2 "* is the symmetric power of the Hodge 
filtration F* on £ x : its associated graded is 

^®(*-2-2i) if o < j < A; - 2 
otherwise 

Define the filtration F' on the complex £ x ^ <g> Q x (log Z) by 

F*(S$- 2) ® fi^(log Z)) = F^ i (4- 2) ) ® ^(log Z). 



gr^f 



(fc-2) 
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Then the connection V^ fc_2 ^ respects F'. On the associated graded, V^ -2 * 1 
is Ojf-hnear, and if (k — 2)! is invertible in R, away from the extreme degrees 
it is an isomorphism: 

gr%(£¥- 2) ®n- x (logZ))=uf- k 
gr k F - l (S?- 2) ® ^ (log Z)) = uf ~ 2 ® ^(log Z)[-l] 
grj, V( fc - 2 ) : grj, 4*~ 2 > ^ grjr 1 4" 2) ® ^ (log Z) if < j < fc - 1 

In fact, grj, V (fc " 2) = j(KS ®id U3 m-2j) if < j < k — 1 . Therefore from the 
spectral sequences for the cohomology of the filtered complexes 

(4 fe " 2) ®n' x {log Z),F') and (tT(£$- 2) ),F*) 
we obtain a commutative diagram with exact rows 

o ► s k (x) > DR(x,k) ► s k {xy > 

c 

> M k (X) > DR(Y, k) ► S k {X) y > 

and 

H j (X,Dr(S l x~ 2) )) = IP(X,£$~ 2) ®tr x (logZ)) = if j + 1, k > 0. 
More precisely, there are isomorphisms in the derived category 

4 k " 2) ® ^x(log Z) = [ ^l 2 - fe ^ a*®*" 2 8) ^(log Z) ] (4.2) 
n-(4 fc ~ 2) ) = [ o;| 2 - fe ^ a;®*" 2 ® ^ ] (4.3) 

where T> k ~ 1 is a differential operator which is characterised by its effect on 
^-expansion: 

(see HDI proof of 2.7(h)]). 

Finally note that from the exact sequence of complexes 

o _^ (4~ 2) ) — ► 4 fc - 2) ® n x (log z) w|*- 2 ®0 z ^o 

we obtain an exact sequence 

— > DR(X, k) — > DR(Y, k) ^% V {Z , u x k ~ 2 ® O z ) — > 
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5 Modular forms of the second and third 
kind 



For any k £ Z, and any R, define 

M^(X):=T(Y,u Y ), 

the R- module of meromorphic modular formal of weight k on X. We say 
that an element of M^ k (X) is a meromorphic cusp form if, at each cusp, its 
^-expansion has vanishing constant term. Let SJ? (X) C M" k (X) denote 
the submodule of meromorphic cusp forms. 

Composing D k ~ 1 with the Kodaira-Spencer isomorphism we obtain a 
i?-linear map 

9 k - X : M 2 W _\,(X) -> M£ k (X) 

which on g-expansions is given by (qd/dq) k ^ 1 , and whose image is contained 
in.S]; k (,Y). 

Suppose R = K is a field. Then one knows (cf. [I]) that the restriction 
map 

H*(X,£ ( x~ 2) ®n* x (logZ)) -> H*(Y,s!£~ 2) ®n Y ) 

is an isomorphism, and since Y is affine, the cohomology group on the right 
can be computed as the cohomology of the complex of groups of global 
sections. 

We therefore have the following description of the de Rham cohomology 
groups as "forms of the second and third kind": 

Theorem 5.1. If R is afield, there exist canonical isomorphisms 
DR(Y, k) = W^V , DR(X, k) - SkHX) 



^-i(M-\(X))' ' 6 k ~\M^ k {X)) 

compatible with the inclusions on both sides. The Hodge filtrations on DR(Y, k) 
and DR(X,k) are induced by the inclusion M^{X) C M^ k (X). 

Remarks, (i) When k = 2 we simply recover the classical formulae for the 
first de Rham cohomology of a smooth affine curve Y = X \ Z over a field 
of characteristic zero: 



d(T(Y,0 Y )) 

and for the complete curve X 

i tv -, T s\ {forms of the 2nd kind on X, regular on Y} 
H ^ X ' K ^ = d(T(Y,Oy)) 



1 Often called "weakly modular forms" 
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(ii) Suppose K = C and Y(C) = T\$j is a classical modular curve. Then one 
has a natural isomorphism from DR(X, K) to Eichler-Shimura parabolic 
cohomology [TH] given by periods: 

/(*)-► \J P(z,l)f(z)dzj 

for homogeneous P G C[To,Ti] of degree (k — 2). 

For general R, the description given in the theorem needs to be modified. 
Since the i?-modules DR(Y, k) and DR(X, k) are locally free, and their 
formation commutes with basechange, restriction to Y induces an injective 
map 

DR(Y, k) ->• - ■ (5.2) 

For each cusp z d Z, let R z = r(z, Z ) and let t z £ Ox,z be a uniformising 
parameter on X along z. Say that / G M^ k (X) is weakly exact if for every 
cusp z, the principal part of / at z is in the image of 9 k ~ 1 . Explicitly if the 
expansion of / at z is Yl a n t™ <g> to®J^, the condition is that a n G n k ~ l R z for 
every n < 0. Let 

S wk - ex (JsT) C M™ k ~ cx (X) C M^ k (X) 

denote the submodules of weakly exact cusp and modular forms, respec- 
tively. 

If g G M^ k fc (X) then evidently 6 k ~ 1 {g) is weakly exact. 
Theorem 5.3. For any R the maps (|5.2|) induce isomorphisms 

c*wk— ex/ owk— ex/ 

DR(X,k)= I DR(X,k)- ] 



Proof. Let X/^ = SpecOx,z denote the formal completion of X along Z, 
and Y/z = X/ z — Z the complement; thus 

*/z = ]J Specif]] D = II Specif)). 

Then Y\\Xj Z is a faithfully flat affine covering of X, and so its Cech com- 
plex computes the cohomology of any complex of coherent Ox-modules with 
i?-linear maps. Applying this to the complex (|4.2|) . we see that DR(X,k) 
is the H 1 of the double complex of .R-modules: 

r(Y /z ,u 2 - k ) T(Y /Z ,u k ) 



M™\(X)®r(X /z ,u 2 - k ) ^— ^ S^{X)@T(X /z ,iJ 
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or equivalently as the H 1 of the complex 



1\/Twkf v\ ^ J Qwk.(Y\ & \ ^(^7^'— ) 

M k (X) S k (X) nX/z ^k ) + 9 k-i nY/z ^2- k) 



and Sp' cx (X) is precisely ker(/3). Likewise for DR(Y, k). □ 

6 (/-expansions and crystalline structure 

Let z C Z be a cusp, and write 

c* = q~r = m ztz-, — , 
dq dt z 

a derivation of R z {(t z )). We have the local expansion maps 

\ OCz : DR{X,k) ^ -- ?*L, DR(Y, k) ' ^ ,<M) 



such that the restriction of / £ DR(X, k) to the formal neighbourhood of z 
is loc*(/)®wi*. 

Suppose now that R = Ok for a finite unramified extension K/<Q P , and 
let o" be the arithmetic Frobenius automorphism of K. For each z, denote 
also by a the Frobenius automorphism of R z (which is also an unramified 
extension of Z p ). By Hensel's lemma there is a unique 7 Z with 

7z el + pR z and 7 ™> =5P/a(5 z ). 

The cx-linear endomorphism q i— > g p of R((q)) then extends to a unique 
o"-linear endomorphism of R z ((t z )) whose reduction is Frobenius, given by 

Then, as explained in §3 of [10J, there are compatible er-linear endomor- 
phisms (f> of DR(X, k) and DR(Y, k), with the property that 

Ioc e (/) = ^ a n ^ loc„(0(/)) = p*- 1 ^ a(a n ) 7 ^7 (6.1) 

Let us assume that R = Z p , so that </> is now linear. Let z C Z be a cusp 
with R Z = 7L V . If / € M^ k ~ cx (X), write the local expansion of / at z as 

/ = / = ^&(n)C = J>(n)g"/"\ &(n) = ^a(n) 6 Z, 

(6.2) 

Suppose that #(T) = Ej=o ri G satisfies H (</>)( f) = in DR(Y, k). 

Then loc z (H(<j))f) = 0, which is equivalent to the following congruences: if 
p s \n then 

r 

J2p (k ' 1)j A j a(n/p>) = modp (fc " 1)s . (6.3) 

j=0 
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Here we follow the usual convention that a(n) = b{n) = for n not an 
integer, and the left hand side is interpreted as 

r 

6 -n/m z Y j P {k - 1)j A jl ^ p3 ^/ (p - 1 h{n/p j ) G 5- n/m *Z p 

3=0 

cf. [10|, Thm, 5.4]. Putting this together we obtain the following extension 
of the ASD congruences to weakly modular forms: 

Theorem 6.4. Suppose that R = X[l/M] and that z is a cusp with R z = R. 
Let f G M™ k ~ cx (X) ; with local expansion at z (|6.2p . Let p be a prime not 
dividing M withp > k — 2, and suppose that the image of f in DR(Y <8>Z p , k) 
is annihilated by H(4>) for some polynomial H(T) = 'Y^'j^AjT 3 G Z p [T]. 
then for every integer n the congruences (|6.3j) hold. 



7 Fermat group and modular forms 

Modular function and modular forms on Fermat curves have been studied 
by D.Rohrlich [TJj and T. Yang [14J. We follow notation of [H]. 

Let A be the free subgroup of SL2(Z) generated by the matrices A := 
( o i ) an d B := ( 3> i )• One has that T(2) = {±7} A. Given a positive integer 
N, the Fermat group $(iV) is defined to be the subgroup of A generated by 
A , B , and the commutator [A, A]. It is known that the modular curve 
X($>(N)) is isomorphic to the Fermat curve X N + Y N = 1. The group 
3>(iV) is a congruence group only if JV = 1, 2, 4 and 8. 

Let iV > 1 be an odd integer. Denote by &o(N) a group generated by 
$(iV) and A. It is a genus zero index iV subgroup of A. (The other two 
genus zero index iV subgroups of A that contain 3>(iV) are generated by 
$(iV) and AB~ l and B respectively.) Associated X($>o(N) is a quotient of 
Fermat curve isomorphic to 

V N_ « 



l-U 



where u = X N and v = y. Denote by H the complex upper half-plane. If 

r G H and q = e 2ntT , then 

1 00 /l _l „n-l/2\ 8 

'-*i4'-" , n( 1 ^) < 72 > 

are modular functions for T(2). Moreover, they are holomorphic on H, and 
A(r) 7^ 0, 1 for all r G H. It follows that there exist holomorphic functions 
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x(t) and y(r) on M, such that x(t) n = A(r) and y(T) N = 1 — A(r), so we 
have that 

x(t) n + y(r) N = 1- 

It turns out that both x(t) and y(r) are modular functions for $(iV). We 
normalize x{t) and y(r) by setting 

x(t) := (-1) jv16jvx(t) and y(r) := 16^y(r). 

Now, x(r) and y(r) have rational Fourier coefficients, and we have that 

x(t) n -y(r) N = -16. (7.3) 

For 7 = ("d) £ SL2(Z) and (weakly) modular form f(r) of weight k 
define a slash operator 

(/| 7 )(r) := ( CT + d)- fe /(7T). 

A straightforward calculation shows |14l §2] 

(x\A)(t) = Cnx(t) (x\B)(r) = ( n x(t), 
(y\A)(r) = ( n x(t) (y\B)(r) = y(r), 

where Cn is a primitive iVth root of unity. Hence, t{r) := i s invariant 
under ®o(N). 

Modular curve X{2) has three cusps: 0, 1, and oo. There is one cusp of 
modular curve X(&q(N)) lying above cusps and 1, and N cusps ooi, . . . , oojy 
lying above cusp oo. As functions on X(^q(N)), A(t) and 1 — A(r) have 
simples poles at ooj and zero of order N at cusps and 1 respectively. Func- 
tion t(r) is holomorphic on H, nonzero on cusps above infinity, has a pole of 
order one at cusp 1, and a zero of order one at cusp (£(t) is a hauptmoduln 
for X{$ (N))). 

Denote by Ss{^o{X)) the space of cusp forms of weight 3 for $o(A r ). It 
is well known that 9\{t) := (XmgZ e?rm T ) 2 ^ s a modular form of weight 1 
for A. It has a zero at cusp 1 of order 1/2 (cusp 1 is irregular). 

Let r be a finite index subgroup of SL/2(Z) of genus g such that —I ^ F. 
For k odd, |13|. Theorem 2.25] gives the following formula for the dimension 
oiS k (T) 

dimSfetr) = (k - l)(g - 1) + l(k - 2)n + \{k - l)r 2 + X ' ' ~ ' 



2 V 2 V ' * ^ 2e, 

i=i 



where r\ is the number of regular cusp, r 2 is the number of irregular cusps, 
and e[s are the orders of elliptic points. Since &o(N) has no elliptic points 
(A is a free group), it follows that dim S3 (N) = 
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Define Mr) := 0i(t)^(t) — \ . for * = 1, 2, . . . N - 1. The divisor of 

16(1— A(t)J 

/i(-r) is 

1 * 
div(/ f )=i(0) + (-JV-i)(l)+Z)( oo i)- 

Hence {/i(t)}, for i = form a basis of ^(^oC^O- If i = 

^Y^, ■ ■ ■ , N— 1, then /j(r) has a pole at cusp 1, and since the cusp 1 is irregu- 
lar the constant Fourier coefficient is zero. It follows fi(r) e SJ k ~ ex (<l>o(N)). 
Since {t\B)(r) = Cn^t), it follows that (/i|S)(r) = &/*( r )- 



8 ^-adic representations 

In this section we define two closely related compatible families of ^-adic 
Galois representations of Gal(Q/Q) attached to the space of cusp forms 
S 3 ($o(N)). The first family p N/ : Gal(Q/Q) — > GL N (Q e ) is a £-adic 
realisation of a motive associated to the space of cusp forms Ss(^o(N)). It 
is a special case of second author's construction from |10i Section 5]. For a 
more detailed description see [H Section 5]. 

To describe the second family, consider an elliptic surface fibred over the 
modular curve X($o(N)), defined by the following equation 

£ N : Y 2 =X(X + l)(X + t N ), 

together with the map 

h:£ N ^X(^> (N)), 

mapping (X, Y, t) i — > t. It was obtained from the Legendre's elliptic surface 
fibred over X(2) 

£ :Y 2 = X(X -l)(X - A), 
by substituting A = 1 — t N . Note that A corresponds to A(r) = I6qz — 

3 

128c/ + 704(/2 + • • • , the usual lambda modular function on r(2), and we can 
check directly that 

A(r) = 1 - t(r) N . 

Map h is tamely ramified along cusp and elliptic points so following [SI Sec- 
tion 5] we define £-adic Galois representation p* N t : Gal(Q/Q) — > GLjy(Q£) 
as follows. 

Let X($o)° be the part of X($o) with cusps and elliptic points removed. 
Denote by i inclusion of X(<f> )° into X($ Q ), and by b! : £ N — > X{$ {N)f 
the restriction map. For a prime £ we obtain a sheaf 

Ft = ^KQt 



17 



on X($o) , and also a sheaf i*J-£ on X(Qq). The action of Gal(Q/Q) on the 
(Q^-space 

defines an £-adic representation p* N e : Gal(Q/Q) — > GLjy(Q£). 

Proposition 5.1 of [8 J implies that the two representations p* N e and pjv,£ 
are isomorphic up to a twist by a quadratic character of Gal(Q/Q). 

9 Jacobi sums and Grossencharacters of 
cyclotomic field 

We review some results of Weil [15j . Let m > 1 be an integer, Cm a primitive 
rn-th root of unity, and p a prime ideal of Q(Cm) relatively prime to m. For 
any integer t prime to m, Cm —> Cm determines an automorphism at of Q(Cm) 
over Q, Denote by q the norm of p. Hence q = 1 (mod m). For x G Q(Cm) 
prime to p define Xp( x ) to be the unique m-th root of unity such that 

Xp{x) = x 2 ™ - (mod p). 

It follows that Xp : ^K™] /p = F 9 — > fi m is a multiplicative character of 
order m. 

Definition (Jacobi sum). For a positive integer r and a = (ai, . . . , a r ) € Z r 
we define 

j a ( P ):=(-ir E x P (xir...x P (x,r, 

i'i+...+x- r =-l(p) 
a;i,...,a: r mod p 

where sum ranges over complete set of representatives of congruence classes 
modulo p in Q(Cm)- We extend the definition of J a (a) to all ideals a of 
Q(Cm) prime to m by multiplicativity. 

Let K be a number field and let Ik = IlL be idele group of K. Recall 
that K* embeds diagonally into Ik'- x G K* (->■ (x u ) u , where Xj, is the image 
of x under the embedding of K into its completion at place v, K u . 

Definition (Grossencharacter). A Grossencharacter ip on K is a continuous 
homomorphism 

<A : — > C x 

which is trivial on K x . We say it is unramified at prime p of i^T if ip(Op ) = 1 
where O v is the ring of integers of K v . 
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We can interpret Grossencharacter ^ as a homomorphism on the group 
of non-zero fractional ideal of K as follows. Let p be a prime of K, let tt be 
uniformizer of K v , and let a p £ be the element which is tt at the place p 
and 1 at all other places. We define 



Hp) 







if ip is unramified at p, 
otherwise. 



Definition. The Hecke L-series attached to a Grossencharacter ij) of K is 
given by the Euler product over all primes of K 

-i 



L(v, s )=n i 



VKp) 



W(p)) f 



Theorem 9.1 (Weil, [15J). For eac/i a 7^ (0) the function J a (a) is a Grossen- 
character on Q(Cm) 0/ conductor dividing m 2 . It is given by a formula 



where 



Lo m (a) 



J a (a) 



£ 

(t,m)=l 
t mod m 



..a;™ (a) 



E 

p=i 



top 
m 



(Here (x) is a fractional part of a rational number x.) 

We will need the following technical lemma. 

Lemma 9.2. Let N > 1 be an odd integer, k and d\N positive integers, 
p = 1 (mod N) a rational prime, p a prime of Z[£jv/d] above p, and p 

a prime of Z[^ p fc_ 1 ] above p. For simplicity write p 



= 2NN'/d. Let 

J(2,N/d)(p) an d J(2N',NN'/d)(p) be Jacobi sums associated to fields Q(Cjv/d) 
anrf Q(Cpfe-i) wit/i defining ideals 2N/d and (p k — l)/d (i.e. characters \p 

d 

and Xp are of order 2N/d and (p k — l)/d = 2NN'/d). We have 

{j(2,N/d)(p)) 2k = J(2N',NN'/d){p~) 2 - 

Proof. By Theorem 19.11 it is enough to prove that 

k 



n 

(t,2iV)=l 
t mod 2N 



1 2dt \ I Nt 



\ 



\2N / \2N 



o-r\p) 



n 



(t,2N'N)=l 
t mod 2N'N 



I 2dN't 



2N'N 



+ 



N'Nt 
2N'N 



Notice that the expressions in square rackets on both sides are the same, 
and only depend on t mod 2N. Moreover, p has residual degree k (since the 
order of p in (Z/d(p k - 1)Z) X is k), and p is unramified in Q(C P fc-i)- The 

d 

lemma follows from an easy counting argument. □ 
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10 Traces of Frobenius 



To simplify notation, denote F = i*Tt. The following theorem is well known. 
Theorem 10.1. Tr(Frob q \We) may be computed as follows 
(1) 

Tr(Frob q \W e ) = - Tr(Frob q \ F t ). 

t&X(<S> (N))(¥ q ) 

(2) If the fiber £f is smooth, then 

Tr{Frob q \F) = Tr(Frob q \H\£ t N ,Q e )) =q+l- #£ t N (¥ q ). 

(3) If the fiber Sf is singular, then 



Tr(Frob q \F t ) = < 



1 if the fiber is split multiplicative, 

1 if the fiber is nonsplit multiplicative, 
if the fiber is additive. 



Theorem 10.2. Let N > 1 be an odd integer, and t a prime. Galois 
representations p* N e and ®d\NJf2N/d) have the same local factors over all 
primes p \ 2N£. 

Proof. Let k be & positive integer, p be an odd prime, and q = p k such that 
q = 1 (mod N). Let \ De an y character of F* of order 2N (it exists since 
q = 1 (mod 27V)). We count the points on elliptic surface £ N (points at 
infinity are excluded). 



#£ N (¥ q ) = £ E + + + 1) 

te¥ q xew q 

= q 2 +J2x N (x(x + l))J2x N (x + t N ). 

xe¥ q te¥ q 



E + O = U=-t-^J = xN{x) + E E xn( Xi ) X n (-x2) 

teF q x 1 +x 2 =-x Xn of order \N 

N-1 

= X JV (*) + X JV (-1)E E X 2i (x 1 ) X N (x 2 ). 

i=l x\+X2=—x 
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Define 

Ji(x) := x N (~l) E X 2l (x 1 ) X N (x 2 ) 

X\+X2 = — X 

= ZZ x ^=x N (-i) E x 2i {*)x 2 Vi)x N {x)x N {^) 

X — I — 3? ^ — 1 

= x iV (-i)x 7V (x)x 2i (x) E x 2i (^i))x Ar (4) 

= X 2l (x) X N (x)J l (l). 

/JV-1 \ 



#^(F 9 ) = g 2 + E + 1)) E ^(l)x 24 (^)x iV (x) + 

rrGF, V i=l / 

jV-1 / 

= ? 2 + E E - ^(-i)* 2 ^) + E + 1) 

i=l \a;eF 9 zGF, 

AT-1 

= g 2 +E^(l) 2 - 

i=l 

Singular fibers of elliptic surface £ N are £^ where t = or i = 1 (we call 
such t bad - the rest are called good). In the first case, £q : y 2 = (x + l)x 2 is 
the curve of split multiplicative type with #£^(F q ) = q (counting the point 
at infinity). In the second case, £^ : y 2 = x(x+l) 2 is the split multiplicative 
if X N (— 1) = 1 ( or equivalently ifp = 1 (mod 4)), and nonsplit multiplicative 
ifx^-l) = -1- It is easy to check that #5^ (F 9 ) = <?+1-xjv(-1)- Denote 
by M the number of 7V"th roots of unity in ¥ q . Theorem 1 1 . 1 1 implies 

Tr(Frob q \We) = - E Tr(Frob q \T t ) 

teX(4> (N))(F q ) 

= E #£t> ff ) -(? + !)■ Ht good} - E Tr{Frob q \T t ) 

t bad 



#£ N (¥ q ) + #{i good} - E (#£f W " 1) 

t bad 

- (<? + l)#{t good} - (x^C-IJM + 1) 

AT-1 

q 2 + E Ji(l) 2 -(?-!)- M(g - x^C-l)) 
i=l 

_ g ( (7 _l_M)-( X 7V (-l)M + l) 

JV-l 

E J ^ 2 



i=i 
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Assume that p = 1 (mod 2N) (p splits completely in Q(C27v))- It is 
enough to show that Tr(Frob q \We) = Y^d\N Sp J(2,N/d)(p) 2k i where the 
second sum is over the primes of Q(C27V/d) that are above p. Fix d\N. For 
any p a prime of Q(C P fc-i ) above p the residual degree of p in Q(C p fc-i ) is k 

d d 

(since the order of p in (TLjd(j) k — 1)Z) is k), hence Xp is a character of F* 
of order p . We can choose p such that 

J,pk-i pfc-i . (p) 2 = ^d(l) 2 - 

^ N ' 2d ' 

By Lemma 19.21 it follows 

^d(l) 2 = J(2,N/d)(p) 2h , 

where p is the prime of Q(Cjv/d) below p. Since Jrfj(l) 2 's are conjugate to 
each other for j = 1, . . . , iV/cZ with (j, iV/d) = 1, it follows that 

£ J di (l) 2 = £ J(2,WP) 2fe . 
(j,N/d)=l p above p 

The claim follows after summing over d|JV. Case j? ^ 1 (mod iV) is proved 
in the similar way. □ 



11 Atkin and Swinnerton-Dyer congruences 

We apply results of §5\ to obtain congruences of Atkin and Swinnerton- 
Dyer type between Fourier coefficients of (weakly) modular forms /»(t). Let 
p > 3 be a prime such that p \ N. Set R = Z p , and let X = X($ (N)) 
and X' = X(2) be curves over R. Let g : X — y X' be a finite morphism 
that extends the quotient map $ (A r )\IH — y r(2)\H (see proof of [TOj 
Proposition 5.2 a)]). Denote by W := DR(X, 3) <S> Q p de Rham space 
corresponding to this data. The action of B = ( \ \ ) on the space of cusp 
forms 5 3 ($ (A r )) extends to W(for /i v G 5 3 ($ (iV)) v and / G 5 3 ($o(-W)) 
we have (h v \B)(f) = h w (f\B- 1 )). We write = ©JL^Wi, where W { is 
the eigenspace of B corresponding to the eigenvalue Qf. Since (fi\B)(r) = 
Cir/i(r) for i = l,...,iV-l and /,(r) G S 3 wk - cx ($ (iV)), Theorem O 
implies that /j(r) G VP 7 ,. Let be a linear endomorphism of W defined in 
ffl 

Proposition 11.1. For i = 1, . . . , N — 1 u>e Ziowe that 

4>(Wi) C TVj.pmodAf- 

Proof. Since B(j> = cj)B p (see [9j Section 4.4]), for / G W% we have 

0(/)[S = 0((/|B)f) = C^(/), 
and the claim follows. □ 
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Define on G Z p such that = aifi. pmod N . 
Proposition 11.2. 

, , . f 2 i/i = 

ord p (a,) = | Q , /z = ^i_ 2 )iV _ L 

Proof. Proposition 3.4 of [TU] implies 

0(S 3 (MN))) C P 2 DR(X,3). 

Since /j's are normalized, it follows that ord p (aj) > 2, for £ = 1, . . . , 

On the other hand, determinant of is ±p 2dim ' s ' 3 (* ( A 0) = ip^ -1 , hence 

ord p («i • «2 • • • • • ajv-i) = — 1 and the claim follows. □ 

Let fi(r) = q 1 ' 2 + J2JLi a iU)l^ for i = 1, . . . , iV - 1. From the de- 
scription of the action of <p (|6.ip on the de Rham space DR(X, 3) (and 
DR(X,3)&) when is a cusp form, see £j2|), it follows 

Corollary 11.3. For i = 1, . . . , JV — 1 and positive integer j, we have that 

= ai. pm od7v(pj) (mod ^(ord^+l)^ 

Suppose T is a noncongruence subgroup of SL2(Z) of finite index such 
that modular curve X(T) has a model over Q (see $2]). Based on Atkin and 
Swinnerton-Dyer discovery, Li, Long, and Yang conjectured (Conjecture 1.1 
of [8]) that for every integer k > 2, there exist a positive integer M such 
that for every prime p \ M there is a basis of Sfc(r) consisting of M- integral 
forms hi(r), 1 < i < d := dimSfc(r), algebraic integers -A p (£), and characters 

Xi such that for each i Fourier coefficients of hi(r) = Y^j a i{j) a ^ is the 
width of the cusp at infinity) satisfy the congruence relation 

ai (np) - A p (i) ai {n) + Xi{p)p k ~ l ai{n/p) = (mod p (k-l)(i+ord p (n)^ 

for all n > 1. Second author in [10] associated to S).(T) a compatible 
family of £-adic representations p#, and established congruences for d = 1. 
Moreover, it follows from his work that if Atkin and Swinnerton-Dyer (ASD) 
congruences hold for Sk(T) for prime p, then 

H P (T) = ]J(T 2 - A p {i)T + X i(p)p k - 1 ), 

l<i<d 

where H p (T) is the characteristic polynomial of pe(Frob p ). 

Theorem 11.4. Let p = 2, 3 (mod 5) be a prime. There is no basis of 
53($o(5)) satisfying Atkin and Swinnerton-Dyer congruence relations for p. 
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Proof. Assume that {g\ (r) , g^ (t) } is a normalized basis satisfiying ASD con- 
gruences. Theorem 110.21 implies that pi, the ^-adic representation attached 
to S3 ($o(5)), is isomorphic to the quadratic twist of Grossencharacter of 
Q((5)- In particular, since p is inert in Q(Cs)> we have that H P (T) = T^±p . 
If ASD congruences hold for p, then corresponding A p (l) and A p (2) are di- 
visible by p, so p-th Fourier coefficient of g\ (r) and 52 (t) is divisible by p, 
hence p-th Fourier coefficient of /i(t) and /2(t) is divisible by p. Proposi- 
tions QX2] implies that either </>(/i(t)) = ai/2(r) or </>(/2(t)) = 02/1 (r), and 
ordp(ai) = ord p (a2) = 0. It follows from Corollary 111.31 that p-th Fourier 
coefficient of fi(r) or fa(r) is not divisible by p which is in contradiction 
with our assumption. □ 

Remark. J. Kibelbek |7j provided an example of the space of weight two 
modular forms that does not admit a basis satisfying Atkin and Swinnerton- 
Dyer congruence relations. 
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